In this study a novel total flux normalized correlation equation is proposed for predicting single-collector efficiency under a broad range of parameters. The correlation equation does not exploit the additivity approach introduced by Yao et al. (1971), but includes mixed terms that account for the mutual interaction of concomitant transport mechanisms (i.e. advection, gravity and Brownian motion) and of finite size of the particles (steric effect). The correlation equation is based on a combination of Eulerian and Lagrangian simulations performed, under Smoluchowski-Levich conditions, in a geometry which consists of a sphere enveloped by a cylindrical control volume. The normalization of the deposited flux is performed accounting for all of the particles entering into the control volume through all transport mechanisms (not just the upstream convective flux as conventionally done) to provide efficiency values lower than one over a wide range of parameters. In order to guarantee the independence of each term, the correlation equation is derived through a rigorous hierarchical parameter estimation process, accounting for single and mutual interacting transport mechanisms. The correlation equation, valid both for point and finite-size particles, is extended to include porosity dependency and is compared with previous models. Reduced forms are proposed by elimination of the less relevant terms.
Introduction
Particle transport and deposition in saturated porous media are important processes occurring in natural and engineered systems. Colloidal filtration is a phenomenon of pivotal importance in numerous fields, including the propagation of contaminants and of microrganisms in aquifer systems [1] [2] [3] [4] [5] [6] [7] [8] and the clogging of depth filters and wells [9, 10] . Other applications involving particle transport and deposition are: the design of remediation interventions by using nanoparticles as reagents [11] [12] [13] [14] [15] , the delivery of agents for contrast [16] or for thermo-radiotherapy in medicine [17, 18] , enhanced oil recovery or imaging in reservoir engineering [19] and several others [20, 21] .
In order to master and control all these applications, a deep understanding of the phenomena involved in particle transport and deposition in saturated porous media is necessary. In this context porous media are described as an ensemble of "collectors" or grains on which the transported particles are collected or deposited. In turn, deposition of particles from a suspension to a collector surface may be viewed as a two-step process: (1) the transport of the particles from the bulk of the suspension to the proximity of the collector and (2) the particle adhesion to the collector/grain surface, which depends on the nature of particle-collector interactions [22] . The first step is usually quantified by 0  , the single collector contact efficiency, that expresses the number of particles that reach the collector divided by the advective rate entering through the projection of the collector (Eq. 3); the second step is commonly quantified by the attachment efficiency  , which is the fraction of the particles coming into contact with the collector that actually attaches onto it. The product of these two values gives, as a result, the single collector removal efficiency  , which accounts for both the transport and attachment steps [23, 24] .
According to previous studies, the mechanisms responsible for particle transport are mainly three: Brownian motion, gravity and interception [25] (respectively the blue trajectory AD in Figure 1b , the magenta trajectory G in Figure 1a and the red trajectory AS in Figure 1a ). Taking advantage of the additivity concept, Yao et al. [25] firstly proposed in 1971 a correlation equation for the single collector contact efficiency, that is the summation of three partial efficiencies due to Brownian motion D  , due to gravity G  , and due to interception I  . This approach, that neglects the full set of mutual interactions between the different transport mechanisms, reads as follows: where Pe N is the Peclet number, G N is the gravity number and R N was defined as the interception number, but in this study for the sake of generalization it will be referred to as steric number or aspect ratio. A detailed definition of these dimensionless numbers is reported in Table 1 . It is important to remind here that the additivity is clearly a simplification hypothesis, as the different mechanisms, which are inherently non-linear, operate jointly and therefore neglecting their interactions may lead to large errors.
The first term at the right side of Eq. 1 was derived analytically at high Peclet numbers ( 70 Pe N  ) from the results of Levich [26] , and takes into account the mutual influence of advection and Brownian motion (or Brownian diffusion).
The gravity and interception terms, were analytically calculated by Yao [27] , and account respectively for the deposition rate due to gravity and to advection (in this last case for finite-size particles).
Many other more sophisticated correlation equations based on different geometries, such as Happel's and Hemispherein-cell, derived by using different numerical approaches (i.e. Lagrangian versus Eulerian) and including more interaction mechanisms (i.e. Van der Waals forces and others) were proposed afterward. Most of them were fully or partially derived starting from the abovementioned additivity assumption.
Rajagopalan and Tien [28] term due to the interaction of Brownian diffusion and advection.
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As already pointed out by Song end Elimelech [35] , Nelson and Ginn [31] and Ma et al. [36] , the other main drawback of most of the models is that they overestimate the rate of particle deposition, under some particular conditions. For very small or very big particles and/or for very low approaching velocities, the existing correlation equations predict a single collector contact efficiency higher than one, which is physically questionable [24] . Song and Elimelech [35] analyzed the Happel's-in-cell model and found out that the failure was in the transposition of the boundary conditions from the isolated sphere collector to the sphere-in-cell model: due to the different geometry the same boundary conditions are not correct in the case of very small Peclet numbers. Nelson and Ginn 2011 [31] (NG) proposed a normalized correlation equation, further refined in Nelson et al. 2013 [37] , explaining that values above unity are due to an overestimation of 0  by contributions of diffusion (for small Pe N ) and sedimentation (for large Pe N ). Ma et al. [36] (MHJ) proposed a normalized correlation equation clarifying that in the case of Lagrangian simulations the prediction of efficiency values greater than one are due to the correlation equations themselves and not to mechanistic trajectory models.
The aim of this study is therefore the development of a novel correlation, that overcomes the two main limitations described above, namely the simplification assumption of additivity, and the overestimation of the collector efficiency (i.e. greater than one) for low approach velocities. This is accomplished by exploiting a hybrid Eulerian-Lagrangian approach for the solution of the colloidal transport problem around a single sphere, by properly accounting for the fact that the different mechanisms operate jointly and interact, and by correctly normalizing the deposition rate with the actual total particle flux entering a control volume. This latter feature ensures efficiency values lower than one, over a broad range of parameters.
Governing equations and numerical simulations

CFD Modeling of Flow and Particle Deposition
Flow and colloidal transport simulations were performed using the finite-elements software COMSOL Multyphisics ® .
The geometry studied by Yao et al. [25] was recreated in two dimensions under the assumption of axial symmetry, times longer than the collector (Figure 2 ), in order to minimize the influence of the boundary conditions. Discretization 6 and meshing were performed using a total number of 249186 triangular and quadrilateral elements ranging from 10 -8 to 10 -5 m (see SI).
Stokes flow field was solved numerically by imposing non-slip boundary conditions on the surface of the collector, vertical component of the velocity U at the inlet of the domain and zero pressure at the outlet of the domain.
Point-particles can come into contact with the collector by three mechanisms of transport, namely advection (A), gravity (G), and Brownian diffusion (D). Interception is usually defined as the deposition of a particle which strikes the collector, due to its finite size, while moving along a streamline [23] (AS in Figure 1a ). This term is related to the deposition of a finite-size particle in the presence of advective transport only, but in real systems the steric size of the particles can influence the deposition of particles transported by gravity (not just affecting the settling velocity), by
Brownian motion (not just through change of diffusion coefficient) and by a combination of the transport mechanisms.
Therefore we prefer to refer to the steric effect (S) as the increase of deposition due to finite-size particles, in the presence of any other transport mechanism.
A Lagrangian approach was used only for the null diffusion cases   
where u is local fluid velocity, V is the velocity induced by the gravity force (Stokes or terminal velocity, defined in Table 1 ), c is the particle concentration and D is the diffusion coefficient of the suspended particle defined in Table 1 .
Inlet concentration was set equal to C 0 and a perfect sink scenario was simulated by placing an assigned c=0 concentration on the surface of the collector for point-particles (or at distance p a from the surface of the sphere to account for steric effect associated with finite-size particles). In order to recreate the scenario proposed by Yao et al. [25] , London van der Waals and the hydrodynamic interactions between particles and the solid wall were neglected.
This choice is coherent with the Smoluchowski-Levich approximation which assumes that hydrodynamic retardation experienced by the particle is balanced by the London Van der Waals forces between particles and collector [22, 23, 38] . This approximation holds true when particle dimension is less than the particle diffusion boundary layer [34, 39] (which is always in the micrometer range for the simulations performed).
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The simulations were performed over a wide range of variation of non-dimensional parameters involved in the problem as reported in Table 1 : the values were chosen with a logarithmic pattern. A comparison with the range of values that these non-dimensional parameters typically assume in aquatic systems is reported in Table S2 of the SI. A total of 200 Lagrangian and 1320 Eulerian simulations were performed.
Numerical Calculation of Normalized Single Collector Contact Efficiency
Previous studies determined the single collector contact efficiency as the ratio between the overall rate of particle collisions with the collector s I , calculated by integrating the particle flux over the entire surface of the sphere, and the advective particle flux entering the projected area of the collector [25, 30] (Eq. 3) or through the fluid envelope (by introducing the correction factor 2  ,see Logan et al. [40] for detailed information and also the SI, Eq. S3).
In the framework of this study, we performed mass balance over a cylindrical control volume (with its radius incremented by p a in case of finite-size particles to account for steric effect) tangent to the spherical collector. We propose a total flux normalized single collector contact efficiency (Eq. 4) as the ratio between the rate of particle 
General Formulation of the Novel Correlation Equation
In the total flux normalized correlation equation 9   ,  ,  ,  ,  ,  ,  ,  ,1  ,2  ,3  ,4  ,5  ,6  ,7  ,  ,  ,  ,  ,  ,  ,  ,1  ,2  ,3  ,4  ,5  ,6  ,7   A S  G S  D S  AG S  AD S  DG S  AGD S  s  s  s  s  s  s  s  s  N  A S  G S  D S  AG S  AD S  DG S  AGD S  c  c  c  c  c  c  c  c   I  I  I  I  I  I  I  I  I  I  I  I  I  I  I in the SI). The parameter estimation was performed using a hierarchical procedure which begins from point-particles by determing the coefficients and exponents corresponding to only one transport mechanism, thus when two transport mechanisms are absent (first level in Figure 3 ). Subsequently, the coefficients and exponents for couples of combined mechanisms acting together, (therefore when at least one transport mechanism is absent, second level in Figure 3 ) were estimated. Finally, the parameters of three combined transport mechanisms were determined (third level in Figure 3 ).
The procedure was then repeated in order to estimate the coefficients for finite-size particles (considering the steric effect).
The simultaneous fitting of the rates and of the efficiency was adopted in order to improve and regularize the fitting procedure. The hierarchical procedure is necessary to guarantee the full independence of the fitting results when any of the transport mechanisms is removed. Otherwise, a global fitting on all the data set (such as those conducted in some of the previous studies) would have provided coefficients that were always indirectly dependent on the mutual presence of all the transport and steric effect mechanisms acting together [32] , thus biasing the results.
Results and Discussion
Overall Normalized Correlation Equation for Single-Collector Contact Efficiency
The coefficients of the proposed correlation equation (reported in Table 2 ) were derived by applying the fitting procedure described in the previous paragraph to the data obtained from the CFD numerical simulations leading to Eq. 
Eq. 10
Because 
Unique Features of the Normalized Correlation Equation and Comparison with Previous Results
From the parameters listed in Table 2 the following considerations can be drawn:
since k s1 =0, the advection contributes, coherently with previous models, to the rate of deposition on the collector only in the presence of the particle finite-size effect, i.e. when interception (the advection associated with the steric effect) is not negligible;
the sum of the three exponents of the transport velocities is equal to one for every term, coherently with dimensional analysis;
the mixed terms account for mutual interaction among transport mechanisms, including also the steric effect;
the presence of other terms at the denominator of the expression for N  allows normalization of the efficiency also when advection is not the dominant transport mechanism and in particular at high G N and low Pe N conditions. The value of N  is less than or equal to one in all the simulated domain and also in limiting conditions (e.g. , , 0,
previous studies have argued that the three terms present in the model proposed by Yao et al. [25] are due to the transport mechanisms of diffusion, gravity and interception. Analysing the extended formulation of 0  here proposed, it is possible to note that the three terms introduced by Yao et al. [25] in the total flux normalized equation provides values lower than one also for limiting conditions (Figure 6B) ;
the formulation provides consistent results also when one or two transport mechanisms are absent (since some single or mixed terms are disappearing).
Comparison with Other Correlation Equations
A comparison with previous correlation equations was attempted under two conditions:
high porosities ( 1 n  ): this is the natural condition for the comparison of the different models since, for porosities approaching to one, they all produce a single collector in a pseudo-infinite domain (e.g. Yao's domain). In this case the normalizing flux (advective or total) is calculated over the projection of the collector   Figure S6 in the SI, where deposition efficiency for small particles is reported.
In the SI further comparisons are presented including the London Van der Waals force implementation in previous correlation equations. Figure S5 
Eq. 14
It is important to note that both the full and reduced models, that we derived (a comparison is shown in Figure 8 ), include a term which accounts for pure diffusion, scaling with 1 Pe N  . This term is not present in the Yao et al. [25] equation, but it is of pivotal importance in order to extend the correlation equation to low Peclet regime (i.e.
70
Pe N  ). This conclusion is consistent with the study by Prieve and Ruckenstein [39] and Ma et al. [36] .
Conclusions
In this study a novel total flux normalized correlation equation (i.e. less than or equal to one in any conditions) for predicting single-collector efficiency was derived by means of a mass balance acting on a cylindrical domain including the collector. The proposed correlation equation is not derived by exploiting the additivity concept proposed by Yao et al. [25] , but includes also mixed terms accounting for the mutual interaction of concomitant transport mechanisms (i.e. advection, gravity and Brownian motion) and steric effect. The correlation equation was extended in order to include porosity dependency and reduced forms were presented including the most relevant interacting mechanisms. In future studies the proposed approach will be further extended to more complex geometry and more particle-collector interactions. Tables   Table 1: Range of variation of dimensional and non-dimensional parameters. U is the approach velocity (velocity far from the collector), D is the diffusion coefficient, k is the Boltzmann constant, T is the absolute temperature,  is the water dynamic viscosity, p a is the particle radius, V is the sedimentation velocity given by the Stokes low [22] , p  is the particle density, f  is the fluid density, g is the gravity acceleration vector and c a is the collector radius 
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